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Abstract—Two cases of the transient conjugate heat transfer in fluid—particle systems are analysed. The
first refers to the single rigid spherical particle at particle Reynolds numbers greater than one. The subject
of the second is the assemblages of rigid spherical particles at low particle Reynolds numbers, i.e. Re < 20.
In this case the classical cell models are used to describe the hydrodynamics. In both cases the momentum
and the heat balance equations are solved numerically. The velocity field is assumed to be steady, axi-
symmetric and laminar. The finite difference methods are used for discretization. The single particle
problem is solved for Re = 10 (50), Pe = 100.0, and a wide domain of variation of the conductivity and
volume heat capacity ratios. Simulation results reveal that the conductivity and heat capacity ratios affect
the heat transfer remarkably. For the particle assemblages, the analysis is focused on the specific problems
of the interphase heat transfer in packed beds at low Peclet numbers. The results show that the theoretical
predictions of the unsteady conjugate heat transfer in cell models are not a good description of the packed
bed experimental data. © 1997 Elsevier Science Ltd.

INTRODUCTION

A large number of studies have been published on the
subject of momentum, heat and mass transport to a
body of revolution. Clift et al. [1] give an extensive
coverage of transport phenomena around a spherical
particle. The majority of the theoretical studies con-
cerning the heat transfer from a particle moving in
another fluid, dealt with two limiting cases, for which
the rate of transfer is controlled by the resistance,
either of the dispersed phase (the internal problem)
or of the continuous phase (the external problem).
The conjugate heat and/or mass transfer from a
spherical particle is the subject of relatively few theor-
etical and experimental studies. Due to the goal of this
paper, the presentation of the previous contributions
in solving the conjugate problem is restricted to the
case of the rigid particle. Also, for the same reason,
the free convection analyses are not mentioned here
in detail. A recent analysis concerning this subject can
be viewed in ref. [2].

The stagnant phases situation was solved numeri-
cally in ref. [3] and analytically in ref. [4]. In creeping
flow the conjugate heat transfer was analysed in ref.
[5] (the case of equal diffusivities in both phases), [6]
(the ratio of the volume heat capacity is comprised
between 0.0 and 2.0 and the particle temperature is
considered uniform) and [7] (the conductivity and
heat capacity ratios vary between 0.01 and 100.0). The
moderate Reynolds numbers domain was solved by
Nguyen et al. [8]. In ref. [8] the conductivity ratio

varies between 1/3 and 3.0 and the volume heat
capacity ratio takes only the values 1.0 and 1.0 x 103,

The conjugate heat transfer in a multi-particle sys-
tem was not analysed until now. The attention was
focused only on the external problem [9, 10]. The
hydrodynamical cell models [11, 12] predict, suc-
cessfully, the pressure drop in packed beds in the void-
age range 0.30-0.60 at low particle Reynolds number.
At low values of the continuous phase Peclet numbers,
the relations usually used to compute the interphase
heat transfer in packed beds are notin good agreement
with the experimental data (see for an illuminate dis-
cussion [13]). A possible explanation is proposed in
ref. [14]. Other models of the packed bed, which take
into consideration the temperature variation in both
phases and an axial temperature gradient on the
assemblage, are presented, for example, in refs [15]
and [16].

This paper has a double aim. First, in the range of
moderate Re numbers the effect of the conductivity
ratio and the volume heat capacity ratio on the con-
jugate heat transfer from a single sphere is inves-
tigated. Second, using the cell models, the conjugate
heat transfer in a packed bed is analysed and the
values obtained for the asymptotic Nu number are
compared with those usually used.

MATHEMATICAL MODEL

Consider a fluid particle system formed by a single
particle or by an assembly of uniform rigid spheres of
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radius of spherical particle

specific heat

Nu  instantaneous Nusselt number defined

by equation (18)

local Nusselt number defined by

equation (17)

Pe Peclet number, 2Ua/a,

Pr Prandtl number, v,/a,

r dimensionless radial distance in
spherical coordinate system

Re Reynolds number, 2Uay/v,

t time

T temperature

U free stream velocity

Vi, Vo components of dimensionless
velocity in spherical coordinate
system

VA dimensionless temperature

(T-T)/(To—Ty).

Greek symbols
o thermal diffusivity

NOMENCLATURE

€ voidage

D, the volume heat capacity ratio
(plcpl)/(pZCpZ)

D, the thermal diffusivity ratio, o, /a,

D, the thermal conductivity ratio, 4,/4,

K defines the dimensionless radius of the
outer hypothetical sphere

A thermal conductivity

v kinematic viscosity

0 polar angle in spherical coordinate
system

P density

T dimensionless time, «t/a’.

Subscripts

ex refers to the external problem

in refers to the internal problem

1 sphere

2 fluid

o large distance from the spherical
particle.

radius a. In the assembly the particles are considered
fixed in space and equally spaced in the radial and
longitudinal directions. Each sphere, with a sur-
rounding spherical envelope of fluid, is uncoupled
from the system and considered separately. The com-
mon assumptions, valid in both cases (i.e. single par-
ticle and cloud of particles) :

(a) the flow field is steady, laminar and axi-
symmetric ;

(b) the physical properties within the particle and
in the surrounding medium, the particle shape
and volume remain constant during the trans-
fer,

are considered valid.

Under these assumptions, the unsteady conjugate
heat transfer equations in dimensionless form, with
the proper initial and boundary conditions, reads as
follows :

the continuous phase

0z, Pe(, 32, VodZy\_12 (.07
ar, 2 R(')’r_i-r 00 _rzarr or
1 o(. 07,
+ r2 sin@% (smOW) (1)
the dispersed phase

0z, 1o (Lem\, 1 o oz
i, ar<’ ar>+rzsingao<sme ae) @

the initial conditions
Z,(r,0,0) =1.0, Z,(r,0,0)=0.0 3)

the boundary conditions

Z,(0,0,7) < o )]
0Z; 0z,
W(rs 0’ Ti) - bag(ra n, Ti) = 0.0 (5)
Z,(x,0,7,) = 0.0 6
0Z, 0z,
@17(15971’-]) - 7(1’0’ ‘EZ)’
Z,(1,0,1)) = Z,(1,6,15). M

In the case of the single particle k = co. For the
assembly, x depends on the packing voidage ¢ accord-
ing to the relation

Kk=(1-—g) '3

The dimensionless velocities are computed with the
relations :

w1
Psingg 80° % rsinb or’ ®

Ve =

The dimensionless stream function, ¥, is the solution
of the dimensionless Navier-Stokes equations which,
expressed in { and the dimensionless vorticity {, read
as:
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the dimensionless stream function ¥
E*y = {rsinf 9)

the dimensionless vorticity {

Rel[oy & ¢ oy 0 { .
7[5@(rsine>‘%a<rsme)]=EZ(C”‘“")

(10)
where
0* sin0o/ 1 0
29 A B
E=it (sin@ ae)' (an
The boundary conditions considered are :
0=00 and == Yy=({=00 (12)
o E*Y
r=1, ‘/’—E—O-Oa c—sin9 (13)
r=i, ¥ =:sin’6k’ (14)
and either zero vorticity
r=x, {=00 (15a)
or free surface
oV, V,
r= 2 " =0.0 (15b)

For the case of the single particle the boundary con-
ditions (14) and (15a) with ¥ = oo are valid.

The quantities used to quantify the heat transfer
results are :

the average particle temperature, Z,

_ 3 1 T
Z, =—j r? (J Z, sin0d0>dr (16)
2 C 0
the local instantaneous Nusselt number, Nu,
2 (0Z,
Ug = ~Z < ar ) - a7n

the overall instantaneous Nusselt number, Nu;,

2 din(Z
Nuy = — 20, ) g o1 18a)
3 dr,
_ 2dln@)
Nug= =350 MO <1L (8b)

The values of the Nu numbers computed with the
relations (18) are compared with those provided by
the additivity formula

1 A1 1
— = i=1,2. 19
Nug 7y <Num T Nuex> =4 {19
For a rigid sphere the value of the Ny, is well known,

Nu,, = 6.580. The values of Nu,, are computed with
the relation (5)—(25) of ref. [1].

METHOD OF SOLUTION

The energy and the Navier—Stokes equations were
solved numerically. In the fluid phase the radial coor-
dinate r was replaced by z using the transformation
r = exp(2). The finite difference method was used for
discretization.

The Navier-Stokes equations being uncoupled
from the energy equations can be solved inde-
pendently of them. The algorithm employed is the
nested defect-correction multigrid iteration [17]. The
method is well described in ref. [17] and it is not
necessary to be reproduced here. The energy equations
were solved with the algorithm employed in ref. [7].
The solid phase heat transfer equation (2) was dis-
cretized with the central second order accurate finite
difference scheme. In the fluid phase, the exponentially
fitted scheme [18], was used. The spatial mesh has
129 x 129 points in each phase for the single particle.
For assemblages the number of radial steps in the
continuous phase is smaller and depends on the outer
sphere position. The angular step in the particle is
equal to the angular step size in the continuous phase
and has the value 7/128. The radial step size in particle
is equal to 1/128. In the continuous phase, the radial
step size has the value 7/128. A decomposition pro-
cedure of the ADI type, which necessitates at every
time step the solution of a tridiagonal system, is used
to solve the energy equations. All the computations
were done on a HP 9000 715/80 work station in FOR-
TRAN Double Precision.

RESULTS

The results obtained for the two subjects are pre-
sented separately. The single sphere section has the
aim to extend the creeping flow analysis [7] on the
domain Re > 1. In the case of the article assemblages
the analysis is focused on the specific aspects of inter-
phase heat transfer in packed beds at low Pe numbers.

The single sphere

The main parameters of a conjugate problem are
those which refer to the physical properties ratio. Usu-
ally, the rigid sphere is assimilated with a solid particle.
If the environmental medium is a gas, air for example,
the values of the ratio @, vary between ¢(1) for plastics
to 0(10%) for metals and @, > 1. If the surrounding
medium is a liquid, the @, values must be divided by
a factor approximately equal to ¢(10) and ®,e[0.10,
10.0]. For a liquid-liquid system these ratios can be
considered comprised between 1 x 107" and 1 x 10. In
the gas-liquid systems the ®, and @, values are either
» 1 or « 1. In the context of this paper, the fluid—fluid
systems can be taken into consideration only if the
fluid particle behaves as a rigid sphere. The conditions
under a fluid particle can be considered rigid sphere
are discussed in ref. [1]. So, the ratios @, and @,
can take values comprised between 0.0 and co. The
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Table 1. Asymptotic Nu number comparison (Re = 20.0,
Pe = 300.0, &, = 1.0)

o, Ref. [8] Present
0.333333 1.99 1.91
1.0 4.19 4.05
3.0 6.83 6.63

variation domain considered in this paperis 1 x 1072
1 x10%

To verify the accuracy of the present computations,
the parameters sets for which Nguyen e? al. [8] present
numerical values were simulated. The comparison
between the present results and those of ref. [8] are
presented in Table 1. As in ref. [8], only the relation
(18a) is used to compute the Nu number. Table 1
shows that the agreement between the two asymptotic
Nu values is very good (the relative error is less than
5%). Also, it must be mentioned that the numerical
method used in ref. [8] is different from that used here.

The results presented were obtained at two particle
Reynolds numbers (Re = 10; 50) and Pe constant
and equal to 100. The reasons of this choice are: at
Re = 10.0 the flow is sufficiently far from the creeping
regime and the flow separation is not present; in this
way, the phenomena observed in the creeping flow
regime [7] are explored in a different hydrodynamic
regime in the absence of any other specific phenom-
enon; at Re = 50.0 the flow separation is fully
developed and the influence of the flow separation on
the conjugate heat transfer can be studied.

The values of the asymptotic Nu for Re = 10.0 and
Pe = 100.0 are depicted in Table 2. The comparison
is made with the values computed with the additivity
formula (19). Table 2 shows that for ®, > 1 the
differences between the present Nu and the values
computed with relation (19) are those usually enco-
untered. For a given @, value, the dependence Nu vs
®, is that expected. If @, tends to zero or co, Nu tends
to Nu;, or Nu,,. An asymptotic behaviour is observed
for ®, — ov. A different behaviour is observed at
@, < 1. The differences between the present Nu and
that obtained with relation (19) increase considerably
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with the decrease in ®@,. In the domain ®, > 1, the
dependence Nu vs @, ceases to be monotone increas-
ing. Note that for @, < 1 the instantaneous Nu attains
his steady value at very low values of the particle
average temperature (Z, < 0.010). To complete the
information about the influence of the heat capacity
ratio on the conjugate heat transfer in Figs. 1-3 the
Z, time variation is presented. The influence of ®, on
the conjugate heat transfer is less studied in com-
parison with the @, influence. For this reason, it was
preferred in Figs. 1-3, to present more data about this
aspect. In agreement with the Nu values presented in
Table 2, Figs. 1-3 show that the influence of ®, on
Z, time variation is less significant at ®, = 0.10 and
increases considerably at ®, = 1.0 and 100.0.

The @, and @, influence on the asymptotic Nu can
be related to the thermal wake phenomenon [6]. The
thermal wake is the geometrical region where the
instantaneous local Nu number becomes negative. The
thermal wake is analysed using the terminology
defined in ref. [7], i.e. thermal inversion point, ®, ., and
@, .. The point on the sphere surface where the first
negative local Nu value occurs is named thermal inver-
sion point (TIP). For a given ®, value, the critical @,
value, @, ,, is defined as:

e for ®©, < ®, ., there are no thermal inversion
points;
o for @, > @, ., there is a thermal inversion point.

In a similar manner, the critical ®, value, @, ., is
defined as:

o for @, < @, thereisa @, ;
o for @, > @, there is no ¥, ..

The TIP steady position on the surface sphere, mea-
sured from the rear stagnation point, function of @,
and @, is depicted in Fig. 4. The symbols indicate the
®,, value. Because for @, > 5.0 there is no thermal
wake, in Fig. 4, the cases ®, = 10.0 and 100.0 are not
plotted. Figure 4 shows the existence of the @, and ®,
critical values, @, €(2,5) as in creeping flow, and
puts in evidence the fact that for ®, > ®, ., the dimen-
sion of the thermal wake increases continuously with

Table 2. Asymptotic values of the Nu number at Pe = 100.0 and Re = 10.0

Present results

@,

o, 0.010 0.10 0.20 0.50 1.0 2.0 5.0 10.0 100.0  Equation (19)
0.010 6.49 6.539 6.54 6.54 6.54 6.54 6.54 6.54 6.54 6.515
0.10 0.89 5.855 6.09 6.165 6.183 6.191 6.196 6.197 6.199 5.979
0.20 0.489 4.03 533 5.696 5.776 5.808 5.825 5.83 5.835 5.48
0.50 0.24 1.73 2.98 4.255 4.615 4.755 4.83 4.853 4.874 4.38
1.0 0.094 0.878 1.575 2.683 3.21 3.468 3.62 3.672 3.706 3.28
2.0 0.096 0.885 1.606 2.936 3.79 4.315 4.64 4.74 4.79 4.376
5.0 0.096 0.881 1.605 3.031 4.11 4.875 5.42 5.61 5.76 5.467

10.0 0.095 0.874 1.593 3.036 4.19 5.039 5.676 5.902 6.10 5.962

100.0 0.095 0.859 1.568 3.015 4.22 5.155 5.88 6.148 6.399 6.491
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Fig. 1. Variation of the average particle temperature with the dimensionless particle time 7, at Pr = 10.0,
®; = 0.10 and Re = 10.0.
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Fig. 2. Variation of the average particle temperature with the dimensionless particle time 7, at Pr = 10.0,
®; = 1.0 and Re = 10.0.
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Fig. 3. Variation of the average particle temperature with the dimensionless particle time 7, at Pr = 10.0,
@, = 100.0 and Re = 10.0.
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Fig. 4. The position of the thermal inversion point on the particle surface function of ®; and ®, at
Pe =100.0 and Re = 10.0.

the increase in ®,. The thermal wake dimension
increases with the decrease of ®, and attains its
maximum at ®, = 0.010. This behaviour is opposed
to that observed for asymptotic Nu. At @, > 1, where
the influence of the heat capacity ratio on the asymp-
totic Nu s less significant, the thermal wake dimension
reduces considerably until disappearance. The TIP
values are close to those of the creeping flow. Also, the
whole system behaviour resembles that encountered in
creeping flow [7].

Table 3 shows the values of the asymptotic Nu at
Re = 50.0 and Pr = 2.0. As in the previous case the
present results are compared with those provided by
the relation (19). Table 3 does not put in evidence any
new and spectacular results. For @, > 1 the state-
ments made previously remain valid. At ®, < 1 and
@, > 1 the instantaneous Nu does not tend to a “fro-
zen” steady value. The values depicted in Table 3 are
attained at Z, ~ 0.0010 when the Nu time variation
becomes very small. The steady TIP position on the

sphere surface at Re = 50.0 and Pe = 100.0 is shown
in Fig. 5. It can be seen that the situation is similar
but not identical with that depicted in Fig. 4. A TIP
occurs at @, = 5.0 and @, = 100.0. However, the con-
clusion which can be drawn is that the flow separation
does not affect significantly the thermal wake phenom-
enon. Other cases with Re = 50, 100, 200 and Pr = 5.0
were simulated. The aspects but in evidence at
Pe = 100.0 remain valid.

In all the computations performed until now the
values assigned for the Pr number are typical for a
liquid continuous phase. For gases Pr < 1 and for
liquid metals Pr « 1. In these conditions the question
which naturally arises is if the aspects put in evidence
previously are valid only for high Pr number values
or are generally valid, independent of the Pr number
value. To clarify this problem some of the cases pre-
viously simulated with Pr = 2.0 were replayed with
Pr = 0.70. The results are quantitatively different, of
course, but the qualitative behaviour is the same.

Table 3. Asymptotic values of the Nu number at Pe = 100.0 and Re = 50.0

Present results

@,

D, 0.010 0.10 0.20 0.50 1.0 2.0 5.0 10.0 100.0  Equation (19)
0.010 6.232 6.542 6.543 6.543 6.543 6.543 6.543 6.543 6.543 6.52
0.10 0.67 5.28 6.083 6.188 6.21 6.22 6.223 6.225 6.226 6.035
0.20 0.409 2.65 4.80 5.722 5.82 5.858 5.876 5.882 5.887 5.573
0.50 0.21 1.22 2.12 4.024 4.66 4.843 4.93 4.955 4971 4.533
1.0 0.058 0.567 1.096 2.344 3.204 3.575 3.755 3.809 3.836 3.458
2.0 0.061 0.595 1.155 2.548 3.786 4.517 4921 5.046 5.15 4.689
5.0 0.066 0.634 1.234 2.754 4.232 5.258 5.902 6.12 6.308 5.965

10.0 0.079 0.667 1.279 2.858 4.409 5.532 6.275 6.53 6.759 6.559

100.0 0.095 0.76 1.33 2.967 4.572 5.773 6.612 6.905 7.176 7.206
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Fig. 5. The position of the thermal inversion point on the particle surface function of ®, and @, at
Pe = 100.0 and Re = 50.0.

The particle assemblages

An extensive discussion concerning the fluid—par-
ticle systems is outside the aims of this paper. The
main obstacle to be overcome in the description of
such systems is that of satisfactorily treating particle—
particle interactions. In the cell models the many-body
problem is replaced by a simple and conceptually more
attractive continuous involving only one particle. In
spite of the fact that the velocity components provided
by the cell models differ from those of the single
particle, it is expected that, at least qualitatively, the
phenomena put in evidence in the previous section to
have a similar form for the multi-particle systems (of
course at the same values of the Pe number). In this
situation it is more interesting to give this section a
different problem. The problem analysed is the inter-
phase heat transfer in packed beds.

One area in which cell models appear promising is
the description of steady flow through fluid—particle
assemblages with voidages in the packed bed range.
El-Kaissy and Homsy [9] show that in their classical
formulation these models describe well the packed bed
hydrodynamics in the domain Re/(1 —¢) < 40.0.

One of the problems which is still open concerning
the heat transfer in packed beds, is the interphase heat
transfer coefficient at low Pe numbers (Pe < 20.0).

Martin [14] explained the discrepancies between the-
ory and experiment based on the nonuniformity of
the packing. However, all the theoretical descriptions
neglect the intrinsic conjugate character of the heat
transfer. In all cases the particle temperature is
assumed to be constant and the corresponding for-
mula for the Nu number computation are of the type
Nu=2+,....

The starting point of the present analysis is Fig. 7
of ref. [13]. From the data presented in ref. [13] the
systems analysed in refs. [19] and [20] were selected.
The only reason for this selection is the availability of
the data.

The results, expressed only in terms of the asymp-
totic Nu number, are presented in Table 4. As rec-
ommended in ref. [21], the boundary condition (6) is
replaced by

oz;

K, e =0.0.

(20

Two values are presented in the column of the present
results. The left value was computed using the Happel
model [11], while the right corresponds to the Kuwa-
bara model [12]. Because the experimental values can
be read only from the figures, as supplementary com-

Table 4. Asymptotic values of the Nu numbers at Pr = 0.70

Re o, o, Present Experiment Equation (19) of ref. [21]
0.01 25.0 1675.0 0.90 1.45 4x107* 0.0002

0.01 11.0 960.0 0.90 1.45 4%x107* 0.0002

0.10 25.0 1675.0 0.911.48 5%107? 0.002

0.10 11.0 960.0 0.90 1.46 5x1073 0.002

1.0 25.0 1675.0 092 1.79 — 0.020

1.0 i1.0 960.0 0.91 1.68 — 0.020
10.0 2.30 1380.0 1.353.01 0.40 0.201
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parison criteria the results provided by the relation
(19) of ref. [21] are used. Table 4 leads to the following
statements :

o the Kuwabara model gives higher values than the
Happel model ;

e in an unexpected way, in the limit Pe — 0 Nu tends
to a finite value higher than 0 (it is well known
that in the case of conjugate heat transfer the
asymptotic Nu tends to zero when Pe tends to
Zero) ;

e the experimental data are not well approximated
by the theoretical computations.

The previous statements cannot be considered the
final verdict concerning the ability of the cell models
to describe the interphase heat transfer in packed beds.
The boundary condition for temperature at r = x can
be viewed as an open problem.

CONCLUSIONS

Two problems arising from the conjugate unsteady
heat transfer in fluid-particle systems were studied.
The first refers to the single particle in steady laminar
flow at moderate Re number values. The main aspect
analysed is the effect of the parameters ®, and @, on
heat transfer. The results obtained show that @, and
®@, have a strong influence on the conjugate heat trans-
fer. The system behaviour is close to that observed
in creeping flow [7]. At moderate Pe numbers, the
occurrence and the development of the thermal wake
are not significantly affected by the hydrodynamic
regime.

The second problem analysed has as subject the
particle assemblages. The cell models were employed
to describe the flow. Due to the following facts:

e the cell models describe well the packed bed
hydrodynamics at low Re numbers;

e the usual theoretical relations used to compute
the interphase heat transfer in packed beds fail
for Pe < 20.0,

the second problem studied is focused on the con-
jugate heat transfer at low Pe numbers in packed
beds. Two sets of experimental data were chosen for
comparison. The theoretical predictions of the cell
models do not reproduce the experiments.
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